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Z, and @ with frequency for 7, 9, and 11 lines. Around 17.5
GHyz, all the curves have a passband; however, the Z;, character-
istics for 3,7,11,- - - lines differ markedly from those for §,9,- - -
lines. In some passbands Z,, is nearly constant and phase shift is
linear with frequency. With an increase in the number of lines,
more stopbands appear and shift towards lower frequencies.

V1. ConcLusioN

Iterative impedance Z;,, and phase shift 4, (assuming negligi-
ble attenuation) have been calculated for even (8, 10, and 12),
and odd (7, 9, and 11) coupled lines, and their variations with
frequency have been compared. When all possible couplings are
taken into account, it was found that the unit cell approximation
is inadequate. The stopbands increase in number, become
narrower, and shift towards lower frequencies as the number of
lines is increased. For even pairs of lines, the number of stop-
bands increases and the phase changes at a slower rate when
compared to the case of odd-pairs of lines. When the number of
lines is odd, there is a clear difference between the Z;, curves for
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the groups of 3,7,11 lines and 5,9 lines. All the curves have a
passband around 17.5 GHz. In some passbands, Z;, is uniform
and @ is linear with frequency.

This method can be used for other periodic structures as well,
e.g., interdigital line, etc., and enables determination of precise
locations of stopbands.
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The Bandwidth of Image Guide
RICHARD. J. COLLIER anp ROBIN D. BIRCH

Abstract—The various parameters involved in the bandwidth of image
guide are discussed, viz., the aspect ratio and dielectric constant. Three
definitions of bandwidth are given involving dispersion, wave-guiding prop-
erties and variation of characteristic impedance with velocity. Theoretical
values of these definitions are given and the paper concludes with a
discussion about their relative importance.

I. INTRODUCTION

A large amount of work is being carried out into the uses of
image line. At frequencies where better known wave guiding
structures experience difficulties, by suitable choice of parame-
ters, image lines can be made which are less susceptible to many
of these problems. This work has been both theoretical [1]-[3],
[10] and practical [4], [5] but little consideration has been paid to
what actually are the practical constraints limiting the band-
width available to image line. Without due consideration, it
might appear that since the fundamental mode exists down to
zero hertz the bandwidth is purely and simply the cutoff
frequency of the next higher order mode. This is far from the
case and this paper will discuss the major problems limiting the
bandwidth. Topics such as dispersion, wave guiding properties
and radiation will be dealt with, along with a discussion as to the
usable upper frequency limit.

Manuscript received December 28, 1979; revised March 19, 1980.
The authors are with the Electronics Laboratories, University of Kent at
Canterbury, Canterbury, Kent CT2 7NT, England.
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Fig. 1. Cutoff frequencies of the first higher order modes for different

aspect ratios and dielectric constants in image guide.

II. Tae UpPER FREQUENCY LIMIT

As we increase the operating frequency in addition to the
fundamental mode there is also a frequency at which higher
order modes are liable to be propagated.

Fig. 1 shows these cutoff frequencies for different dielectric
constants and various aspect ratios using the theory developed in
[2). For a large aspect ratio the first higher order mode to appear
will be the £ mode (i.e., a single maxima in the horizontal
direction and a double maxima in the vertical direction). If the
aspect ratio is small the first mode to appear will be the EJ;
mode (i.c., a double maxima in the horizontal direction and a
single maxima in the vertical direction). At unity aspect ratio
these two modes are degenerate.

It is worth noting that image line can be frequency scaled. In
Fig. 1 the dimension B is 5 mm, by reducing this by a factor of
3, we also increase the frequency scale by a factor of 5.

IIL

Since image line does not support purely TEM modes, the
propagation along the line is dispersive. We can define an
arbitrary limit on this dispersion in terms of the percentage
change of phase velocity within the band. This then gives a
lower usable frequency at which the phase velocity is chosen to
have changed by 20 percent from its value at the next higher
order mode. From this defined limit the dispersion bandwidth
follows. Fig. 2 shows a set of dispersion bandwidths for various
aspect ratios and dielectric constants, It can be seen that for a
given aspect ratio greater bandwidths are obtained as the dielec-
tric constant decreases. A direct comparison of bandwidth can
be made between the various aspect ratios and dielectric con-
stants due to all the values being normalized to the cutoff
frequency for the guide with unity aspect ratio and a dielectric
constant of 2.5 (i.e., 14.53 GHz). Fig. 3 shows what these guides

LOWER FREQUENCY LIMIT—-DISPERSION CONDITIONS
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physically look like after being normalized to have the same
cutoff frequency.

IV. Lower FreQuUeNcy LimiT-WAVE GUIDING
PROPERTIES

For a given aspect ratio and dielectric constant the amount of
energy travelling in the air and the amount travelling inside the
dielectric is dependent on frequency. As the frequency increases,
the travelling wave becomes better confined to the dielectric.
The net effect of this is for the wave to become less likely to
radiate from discontinuities. Because the power ratio between air
and dielectric is dependent on frequency we can define a lower
frequency point by limiting the amount of power allowed to
travel in air as compared to diclectric. This ratio can be limited
to a maximum value of unity at the lower frequency point. The
following equations for fields in the dielectric and air regions of
the image line were used by the authors to calculate the power
ratio

E=E,cos (Y;x) cos (—‘I})—y) exp (—jpz), inside the dielectric
E=E,cos () Ko(rr) exp (—jBz), outside the dielectric.

For most of the air outside the guide the evanescent electric
fields are cylindrical in nature. The solution of Maxwell’s equa-
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Fig. 5. Comparison between the dispersion bandwidth and the wave-guid-
ing bandwidth for unity aspect ratio and diferent dielectric constants.

tions for these fields will contain modified Hankel functions.
Ky(rr) is a zero order modified Hankel function, valid for the far
field and has been matched to experimental results in the near
field within a few percent. By substituting the above equations
into the equation for the ratio of power in air and dielectric, vis.
23 f5z 2

Power in Air fAEXH*dY _ fAlEl ds

Power in Dielectric

fDExﬁ*ds_ fD\/E,;|E[2¢g'

A frequency can be found at which this ratio is unity. Fig, 4
shows the available bandwidth calculated from this frequency
for various aspect ratios and dielectric constants. Increased
bandwidths are obtained with increasing dielectric constant. For
each dielectric constant value there is a maximum bandwidth
when the aspect ratio approaches unity. Again these results are
normalized as before to an upper frequency of 14.53 GHz. Fig. 5
shows the combined results for the two contraints of bandwidth
so far discussed. From this figure the “optimum” dielectric
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Fig. 6. Variation of Z, with frequency for unmity aspect ratio and different
dielectric constants.

constant with unity aspect ratio would be ~2.5. Obviously if the
two definitions for the lower usable frequency were changed the
two plots would intersect at a different place and hence a
different “optimum” dielectric constant would result.

Several authors have discussed radiation from image guide.
Linear image guide does not have any leaky modes and there-
fore is free from radiation losses [7]. On the other hand, curved
image guide does radiate and various authors have given defini-
tions for the minimum acceptable radius of curvature [6].

It would be a difficult task to attempt to define bandwidth in
terms of the radiation losses from bends since there are too
many variables which would have to be fixed by definition, viz.,
ratio of radius of curvature to width of image guide, angle of
bend, and minimum acceptable attenuation. It is the opinion of
the authors that by choosing a sufficiently large value of the
radius of curvature the full bandwidth described in this paper is
possible.

The other source of radiation losses in image guide is caused
by discontinuities {8] and these have to be carefully designed in
order to keep such losses to an acceptable level.

V. Low FREQUENCY LIMIT--VARIATION OF
CHARACTERISTIC IMPEDANCE

The Characteristic Impedance of Image Guide has not, as far
as the authors are aware, been defined for image guide. The
authors suggest the following definition may prove useful in
subsequent circuit design [9]:

b2E2
O 2P+ Pp)

where E is the maximum value of the electric field. Fig. 6 shows
the variation of Z; with frequency for various dielectric con-
stant. It can be secn in that figure that due to the similar shape
of the curves the bandwidth in terms of percentage change in Z,
is independent of the dielectric constant. These curves have been
plotted for a unity aspect ratio. If a 50-percent variation of Z,
can be tolerated throughout the band then the lower frequency
limit will be 9.35 GHz, i.e., a bandwidth of 5.18 GHz.

CONCLUSION

The practical conditions have been discussed which limit
available bandwidth. From the single requirement of low disper-
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sion we have the largest bandwidth when dealing with non unity
aspect ratios and low dielectric constant. In contrast, to obtain
good wave guiding ability and low radiation from discontinuities
a higher dielectric constant is required. If only one of these
conditions is critical we can adjust the parameters of the guide to
suit that particular requirement and obtain the largest band-
width. If all the conditions are equally important we are limited
to a small range of dielectric constants, e.g., for the contraints
discussed an image line with unit aspect ratio has the maximum
bandwidth at g =2.5

We have used for the upper limit the first higher order mode
cutoff frequency. In practice it seems that it is possible to
maintain a single mode operation slightly above this frequency
since the first higher order mode has extensive external fields at
its cutoff frequency and is unlikely to be propagated in any
circuit until a frequency is sufficiently high enough to reduce the
evanescent fields down to a manageable size.

The purpose of this paper has been to give some guidance
about the many parameters involved in the bandwidth of image
guide in order to help in the design of broad-band circuits.
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Tolerance Analysis of Cascaded Structures

J. W. BANDLER, FELLOW, 1EEE, AND M. R. M. RIZK, MEMBER,
IEEE

Abstract—This paper presents an analysis scheme to obtain the re-
sponse of a cascaded network and its first-order sensitivities wrt design
variables at the vertices of the tolerance region in an efficient and
systematic way. This information is needed in worst-case search algorithms
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Fig. 1. Cascaded network with appropriate terminations.

to identify the worst vertex or in a general tolerance assignment, A
substantial saving in computational effort is achieved by using the new
approach over the basic approach of reanalyzing the circuit at every vertex.

I. INTRODUCTION

A recent approach for the analysis of cascaded networks
(using the chain matrix) has been used efficiently to perform
response evaluation as well as simultaneous and arbitrary large-
change sensitivity evaluation [1]. This paper presents an analysis
and sensitivity evaluation scheme using the recent approach in a
form suitable for tolerance analysis of such networks.

In tolerance assignment each parameter ¢ has a tolerance
associated with it so that it can have a value lying between ¢°+ €
and ¢%—e¢, where ¢° is the nominal value and e is the tolerance.
The number of vertices of the tolerance region is 2%, where & is
the number of the toleranced parameters, which includes all
different combinations of parameter values.

The tolerances on elements as well as the nominal parameter
values are optimized, consequently the response and its first-
order sensitivity at the vertices of the tolerance region [2] are
needed by the optimization algorithms. This information is par-
ticularly useful if a worst-case search algorithm [3] has to iden-
tify the worst vertex (4], [5].

A specific algorithm designed for evaluating the response and
its sensitivities at the vertices of a tolerance region is presented.
An example is given along with a comparison between the new
approach and the conventional way (the reanalysis) for evaluat-
ing the response and its sensitivities at the vertices.

II. NECESSARY BACKGROUND

The analysis approach is based on two types of analyses. The
first is the forward analysis which consists of initializing a &7
row vector as either efl,e], where

0
@y=
=[]

o]

or a suitable linear combination and successively premultiplying
each constant chain matrix by the resulting row vector until an
element of interest or a termination is reached. The second is the
reverse analysis, which is similar to conventional analysis of
cascaded networks, proceeds by initializing a v column vector as
either e,, e, or a suitable linear combination and successively
postmultiplying each constant matrix by the resulting column
vector, again until either an element of interest or a termination
is reached.

Consider the network in Fig. 1. Applying forward and reverse
analyses up to 4, we obtain the expression

Q= aTdv )

where

A4 transmission or chain matrix of the element of interest,

@ vector obtained from forward analysis (initiated at the
source and ending at the input port of A4),

v vector obtained from reverse analysis (initiated at the load

and ending at the output port of A).
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